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MULTILINEAR EXPONENTIAL SUMS WITH A GENERAL
CLASS OF WEIGHTS
BRYCE KERR AND SIMON MACOURT
Abstract. In this paper we obtain some new estimates for multi-
linear exponential sums in prime fields with a more general class of
weights than previously considered. Our techniques are based on
some recent progress of Shkredov in Additive Combinatorics with
roots in Rudnev’s point plane incidence bound. We apply our es-
timates to obtain new results concerning exponential sums with
sparse polynomials and Weyl sums over small generalized arith-
metic progressions.
1. Introduction
Given a prime number p, subsets X1, . . . ,Xn Ď F
˚
p and sequences of
complex numbers ω1pxq, . . . , ωnpxq, we define the weighted multilinear
exponential sum over n variables by
SpX1, . . . ,Xn;ω1, . . . , ωnq “
ÿ
x1PX1
. . .
ÿ
xnPXn
ω1pxq . . . ωnpxq eppx1 . . . xnq,
(1.1)
where ωi are n´1 dimensional weights that depend on all but the ith
variable and eppuq “ expp2πiu{pq. Assuming each |ωipxq| ď 1, we are
interested in obtaining upper bounds of the form
|SpX1, . . . ,Xn;ω1, . . . , ωnq| ď X1 . . .Xnp
´δ,
where |Xi| “ Xi . The first result in this direction is Vinogradov’s
bilinear estimate and states thatˇˇˇˇ
ˇ ÿ
x1PX1
ÿ
x2PX2
ω1px2qω2px1qeppx1x2q
ˇˇˇˇ
ˇ ď p1{2X1{21 X1{22 ,(1.2)
which is nontrivial provided X1X2 ą p. For values of n ě 3 progress
has been made through Additive Combinatorics with the first results
due to Bourgain, Glibichuck and Konyagin [7] under some restrictions
on the sets, weights and number of variables occuring in (1.1) although
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their result was general enough to obtain new estimates for sums over
small subgroups. Bourgain [3] extended the results of [7] and obtained
an optimal result with respect to the size of X1 . . .Xn . In particular,
Bourgain showed that for all ε ą 0 there exists a δ ą 0 such thatÿ
x1PX1
. . .
ÿ
xnPXn
eppx1 . . . xnq ! X1 . . . Xnp
´δ,
provided
Xi ą p
ε, X1 . . .Xn ě p
1`ε,
and we note that Bourgain gives the dependence of δ on ε . Recently,
Shkredov [26] has made significant quantitative improvements to the
results of Bourgain by exploiting a direct connection with geometric in-
cidence estimates of Rudnev [23]. Of particular relevance are the results
of Petridis and Shparlinski [22] and Macourt [18] for recent estimates
of three and four dimensional multilinear sums and Shkredov [25] for
the sharpest current results for exponential sums over subgroups of
medium size. We mention that a direct application of the methods
from [18, 22] are unable to give bounds for multilinear sums beyond
four dimensional sums. However, in this paper we are able to break
through this barrier and apply related techniques to given new non-
trivial results for multilinear sums beyond four variables.
Given a set A Ď Fp and an integer k we let D
ˆ
k pAq count the
number of solutions to the equation
pa1 ´ a2qpa3 ´ a4q . . . pa2k´1 ´ a2kq “ pb1 ´ b2qpb3 ´ b4q . . . pb2k´1 ´ b2kq,
for ai, bi P A . The quantity DkpAq plays an important role in our
arguments and we obtain some new estimates for DkpAq, one of which
improves the error term in a result of Shkredov [26, Theorem 32] for
sets of cardinality |A| ě p1{2 . We then apply our estimates to obtain
some new bounds for sums of the form (1.1) which are motivated by
applications to exponential sums with sparse polynomials and Weyl
sums over small generalized arithmetic progressions.
Given tuples of integers a1, . . . , at and k1, . . . , kt we define the t-
sparse polynomial
ΨpXq “
tÿ
i“1
aiX
ki,(1.3)
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and consider the exponential sums
TχpΨq “
ÿ
xPF˚p
χpxq eppΨpxqq.(1.4)
Multinomial exponential sums of the form (1.4) have been studied
extensively. We first note by the Weil bound, see [28, Appendix 5,
Example 12]
TχpΨq ď p
1{2maxpk1, . . . , ktq.
When k1, . . . , kt are small the above estimate is sharp and we con-
sider the case when maxpk1, . . . , ktq grows with p. In this setting,
progress on the simplest case of monomials was first made by Shparlin-
ski [27] and was further improved by Heath-Brown and Konyagin [16]
using techniques based on Stepanov’s method, although the current
sharpest estimates are based on Additive Combinatorics, see for exam-
ple [7, 8]. More general sums of the form (1.4) were first considered
by Mordell [20] and are often referred to as Mordell’s exponential sum
and we refer the reader to [1,9–14] for previous estimates of these sums.
We also mention the cases of trinomials and quadrinomials have been
given new bounds in [17] and [19] and we follow these techniques to
reduce to multilinear sums of the form (1.1).
A second application of our bound for the sums (1.1) is a new esti-
mate Weyl sums over small generalized arithmetic progressions. Gen-
eralized arithmetic progressions are defined as sets of the form
A “ tα1h1 ` ¨ ¨ ¨ ` αrhr ` β : 1 ď hi ď Hiu.
For A as above, we define the rank of A to be r and say that A is
proper if
|A| “ H1 . . . Hr.
Shao [24] has previously shown that for any polynomial F we haveÿ
aPA
eppF paqq !r p
1{2`op1q,(1.5)
which can be considered a Po´lya-Vinogradov type estimate for gener-
alised arithmetic progressions. We use our estimates for (1.1) to obtain
a power saving for Weyl sums over proper generalized arithmetic pro-
gressions with an essentially optimal range on the cardinality of A , see
Theorem 1.4.
For the entirety of this paper we let |Xi| “ Xi , and similarly for other
sets |Y | “ Y. We also use the notation A ! B to indicate A ď c|B|
4 B. KERR AND S. MACOURT
for some absolute constant c and similarly A !k B to mean the same
where c depends on some parameter k .
1.1. Main Results. In what follows we keep notation as in (1.1).
Theorem 1.1. Let n ě 4, Xi Ă F
˚
p subsets satisfying
|Xi| “ Xi, X1 ě X2 ě ¨ ¨ ¨ ě Xn,
and
X1X
1{2
n ď p.
Then we have
SpX1, . . . ,Xn;ω1, . . . , ωnq
!n X1 . . .Xn
˜
1
X
1{2
1
` ¨ ¨ ¨ `
1
X
1{2n
n
` p
1
2nX
´ 1
2n
1 X
´ 1
2n`1
n
n´1ź
i“2
BnpXiq
¸
where
BnpX q “
$’’&’’%
p
1
22n´3pn´2qX
´ 2
n´2`1
22n´3pn´2q
`op1q
, if p
1
2
` 1
2n´1`2 ě X ě p
217
433 ,
X
´
2
n´2´1`2c1
22n´3pn´2q
`op1q
, if p
217
433 ą X ě p
48
97 ,
X
´
2
n´2´1`2c2
22n´3pn´2q
`op1q
, if X ă p
48
97 ,
and c1 “
1
434
and c2 “
1
192
.
We give an example of when Theorem 1.1 is nontrivial. Suppose
n “ 6 and X1 “ X2 “ ¨ ¨ ¨ “ X6 ď p
48
97 . Then we have
SpX1, . . . ,X6;ω1, . . . , ω6q ! p
1
64X
3110399
524288
`op1q
1 .
One can see that this is stronger than the trivial bound
SpX1, . . . ,X6;ω1, . . . , ω6q ! X
6
1
for X1 ą p
8{27 . In the case of sets of cardinality a little larger than p1{2
we can obtain sharper estimates.
Theorem 1.2. Let Xi Ă Fp satisfy |Xi| “ Xi, X1 ě X2 ě ¨ ¨ ¨ ě Xn
|Xi| ě p
1{2`1{p2n`1´6q.(1.6)
Then we have
|SpX1, . . . ,Xn;ω1, . . . , ωnq| !n
X1 . . . Xn
˜
1
X
1{2
1
` ¨ ¨ ¨ `
1
X
1{2n
n
` pop1q
ˆ
p1{2
pX1 . . .Xnq1{n
˙1{2n¸
.
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The following is a consequence of Theorem 1.1.
Theorem 1.3. Let ΨpXq be a multinomial of the form (1.3), with co-
efficients ai P F
˚
p for i “ 1, . . . , t. We define
αki “ gcdpki, p´ 1q
and
βki “
αki
gcdpαki, αktq
.
Suppose βk1 ě ¨ ¨ ¨ ě βkt´1 . Then
TχpΨq
! p
˜ˆ
αkt
p´ 1
˙ 1
2
` β
´1
22
k1
` ¨ ¨ ¨ ` β
´1
2t
kt´1
` p
1
2tCtpαktq
t´2ź
i“1
Dtpβkiq
¸
where
Ctpαq “
#
α
3
2t`1 p´
3
2t`1 , if α ě p
1
2 log p,
α
1
2t`1 p´
1
2t , if α ă p
1
2 log p,
and
Dtpβq “
#
p
´ 1
2tpt´2q , if β ě p
1
2 log p,
β
´ 1
2t´1pt´2q , if β ă p
1
2 log p.
We mention that Theorem 1.3 returns the same bound as [17, The-
orem 1.1] when t “ 4. We also mention the strength in this bound is
that it relies on mutual greatest common divisors, rather than the size
of the exponents. With this in mind, one can give examples of when
this is stronger than all known bounds for a given t by first ensuring
that αkt is small and each of the powers are large. We direct the reader
to [17, Corollary 1.2] for such an example for the case t “ 4.
Combining ideas from the proof of Theorem 1.1 with estimates of
Bourgain for multilinear sums we extend a result of Shao [24] to the
setting of Weyl sums over small generalized arithmetic progressions.
Theorem 1.4. Let p be prime, A Ď Fp a proper generalized arithmetic
progression of rank r and F P FprXs a polynomial of degree d. For
any ε ą 0 there exists some δ ą 0 such that if
|A| ě p1{d`ε,(1.7)
then ÿ
aPA
eppF paqq !r,d |A|p
´δ.
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We note the condition |A| ě p1{d`ε is sharp which may be seen by
considering the example
A “ t1, 2, . . . , tp1{d{10uu, F pxq “ xd,
so that ÿ
aPA
eppF paqq " |A|.
2. Multilinear Exponential Sums
2.1. Reduction mean values. The following result is a variant of [22,
Lemma 2.10] which is more suitable for applications to exponential
sums when the variables may run through sets of differing cardinalities.
Lemma 2.1. Let n ě 2. Suppose SpX1, . . . ,Xn;ω1, . . . , ωnq is defined
as in (1.1). Then
|SpX1, . . . ,Xn;ω1, . . . , ωnq|
2n´1 ! pX1 . . .Xnq
2n´1
ˆ
1
X2
n´2
n
` ¨ ¨ ¨ `
1
X2
˙
`X2
n´1´1
1 pX2 . . .Xnq
2n´1´2
ÿ
x2,y2PX2
x2‰y2
. . .
ÿ
xn,ynPXn
xn‰yn
ˆ
ˇˇˇˇ
ˇ ÿ
x1PX1
eppx1px2 ´ y2q . . . pxn ´ ynqq
ˇˇˇˇ
ˇ .
Proof. We proceed by induction on n and first consider the case n “ 2.
Our sums take the form
SpX1,X2, ω1, ω2q “
ÿ
x1PX1
ÿ
x2PX2
ω1px2qω2px1qeppx1x2q,
and hence by the Cauchy-Schwarz inequality
|SpX1,X2, ω1, ω2q|
2 ď X1
ÿ
x1PX1
ˇˇˇˇ
ˇ ÿ
x2PX2
eppx1x2q
ˇˇˇˇ
ˇ
2
.
Expanding the square, interchanging summation and isolating the di-
agonal contribution, we get
|SpX1,X2, ω1, ω2q|
2 ď X21X2 `X1
ÿ
x2,y2PX2
x2‰y2
ˇˇˇˇ
ˇ ÿ
x1PX1
eppx1px2 ´ y2qq
ˇˇˇˇ
ˇ .
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Suppose the statement of Lemma 2.1 is true for some integer n´ 1 ě
2 and consider the sums SpX1, . . . ,Xn;ω1, . . . , ωnq. By the Cauchy-
Schwarz inequality
|SpX1, . . . ,Xn;ω1, . . . , ωnq|
2 ď X1 . . .Xn´1ÿ
xiPXi
1ďiďn´1
ˇˇˇˇ
ˇ ÿ
xnPXn
ω1pxq . . . ωn´1pxqeppx1 . . . xnq
ˇˇˇˇ
ˇ
2
,
which after expanding the square, interchanging summation and iso-
lating the diagonal contribution results in
|SpX1, . . . ,Xn;ω1, . . . , ωnq|
2 ď
pX1 . . .Xnq
2
Xn
`X1 . . .Xn´1
ÿ
xn,ynPXn
xn‰yn
Spxn, ynq,
where
Spxn, ynq “ˇˇˇˇ
ˇˇˇ ÿ
xiPXi
1ďiďn´1
ω11px
1, xn, ynq . . . ω
1
n´1px
1, xn, ynqeppx1 . . . xn´1pxn ´ ynqq
ˇˇˇˇ
ˇˇˇ ,
and
x1 “ px1, . . . , xn´1q, ωjpx
1, xn, ynq “ ωjpx
1, xnqωjpx
1, ynq.
By Ho¨lder’s inequality
|SpX1, . . . ,Xn;ω1, . . . , ωnq|
2n´1 !
pX1 . . .Xnq
2n´1
X2
n´2
n
` pX1 . . .Xn´1q
2n´2X2
n´1´2
n
ÿ
xn,ynPXn
xn‰yn
Spxn, ynq
2n´2 .
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We next fix some pair xn ‰ yn and apply our induction hypothesis to
the sum Spxn, ynq. This gives
Spxn, ynq
2n´2 ď pX1 . . .Xn´1q
2n´2
ˆ
1
X2
n´3
n´1
` ¨ ¨ ¨ `
1
X2
˙
`X2
n´2´1
1 pX2 . . .Xn´1q
2n´2´2
ÿ
xi,yiPXi
xi‰yi
2ďiďn´1
ˇˇˇˇ
ˇ ÿ
x1PX1
eppx1px2 ´ y2q . . . pxn´1 ´ yn´1qpxn ´ ynqq
ˇˇˇˇ
ˇ ,
which combined with the above implies
|SpX1, . . . ,Xn;ω1, . . . , ωnq|
2n´1 ď pX1 . . .Xnq
2n´1
ˆ
1
X2
n´2
n
` ¨ ¨ ¨ `
1
X2
˙
`X2
n´1´1
1 pX2 . . .Xnq
2n´1´2
ˆ
ÿ
xi,yiPXi
xi‰yi
2ďiďn´1
ˇˇˇˇ
ˇ ÿ
x1PX1
eppx1px2 ´ y2q . . . pxn´1 ´ yn´1qpxn ´ ynqq
ˇˇˇˇ
ˇ ,
and completes the proof. [\
We mention that the above proof is independent of the sizes of the
Xi , and as such the lemma is left without such restrictions.
For any set A Ă Fp we define
Dˆk pAq
“ |tpa1 ´ a2q . . . pa2k´1 ´ a2kq “ pb1 ´ b2q . . . pb2k´1 ´ b2kq : ai, bi P Au|,
and extend the notation when variables run through different sets by
defining Dˆk pX1, . . . ,Xkq to be the number of solutions to
pw1 ´ x1q . . . pwk ´ xkq “ py1 ´ z1q . . . pyk ´ zkq,
for wi, xi, yi, zi P Xi . Finally, we use the notation D
ˆ,˚
k for the above
cases where we exclude the solutions when the equation is 0 and define
rDˆ,˚k pX1, . . . ,Xkq “ Dˆ,˚k pX1, . . . ,Xkq ´
´śk
i“1XipXi ´ 1q
¯2
p´ 1
.
We note that rDˆ,˚k is the error in approximation of Dˆ,˚k by the ex-
pected main term.
Lemma 2.2. Let X1, . . . ,Xk Ă Fp . Then
D
ˆ,˚
k pX1, . . . ,Xkq ď pD
ˆ,˚
k pX1q . . .D
ˆ,˚
k pXkqq
1{k.
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Proof. We let K “ Dˆ,˚k pX1, . . . ,Xkq and express K in terms of mul-
tiplicative characters
K “
ÿ
w1,x1,y1,z1PX1
. . .
ÿ
wk,xk,yk,zkPXk
1
p´ 1
ÿ
χPΩ
χpw1 ´ x1q . . . pwk ´ xkqχpy1 ´ z1q . . . pyk ´ zkq
where Ω is the set of all distinct characters. Clearly,
K “
1
p´ 1
ÿ
χPΩ
ˇˇˇˇ
ˇ ÿ
w1,x1PX1
χpw1 ´ x1q
ˇˇˇˇ
ˇ
2
. . .
ˇˇˇˇ
ˇ ÿ
wk,xkPXk
χpwk ´ xkq
ˇˇˇˇ
ˇ
2
.
Using Holder’s inequality, we obtain
Kk ď
1
pp´ 1qk
ÿ
χPΩ
ˇˇˇˇ
ˇ ÿ
w1,x1PX1
χpw1 ´ x1q
ˇˇˇˇ
ˇ
2k
. . .
ÿ
χPΩ
ˇˇˇˇ
ˇ ÿ
wk,xkPXk
χpwk ´ xkq
ˇˇˇˇ
ˇ
2k
“ Dˆ,˚k pX1q . . .D
ˆ,˚
k pXkq.
[\
The proof of the following is similar to that of Lemma 2.2 with
summation only over non-principal characters.
Lemma 2.3. Let X1, . . . ,Xk Ă Fp . ThenrDˆ,˚k pX1, . . . ,Xkq ď p rDˆ,˚k pX1q . . . rDˆ,˚k pXkqq1{k.
Using Lemma 2.1, Lemma 2.2 and Lemma 2.3 we give two general
results relating estimates for SpX1, . . . ,Xn;ω1, . . . , ωnq to the quantities
Dˆk pAq and
rDˆk pAq. We first recall the classic Vinogradov bilinear
estimate, see [6, Equation 1.4] or [15, Lemma 4.1].
Lemma 2.4. For any sets X ,Y Ď Fp and any α “ pαxqxPX , β “
pβyqyPY with ÿ
xPX
|αx|
2 “ A and
ÿ
yPY
|βy|
2 “ B,
we have ˇˇˇˇ
ˇÿ
xPX
ÿ
yPY
αxβy eppxyq
ˇˇˇˇ
ˇ ďapAB.
Lemma 2.5. Let n ě 2. Suppose SpX1, . . . ,Xn;ω1, . . . , ωnq is defined
as in (1.1) and that
X1 ě X2 ¨ ¨ ¨ ě Xn.
10 B. KERR AND S. MACOURT
Then
|SpX1, . . . ,Xn;ω1, . . . , ωnq|
2n ! pX1 . . .Xnq
2n
ˆ
1
X2
n´1
1
` ¨ ¨ ¨ `
1
X2n´1
˙
` pX2
n´1
n pX1 . . . Xn´1q
2n´4pDˆ,˚n´1pX1q . . .D
ˆ,˚
n´1pXn´1qq
1{pn´1q.
Proof. Writing
S “
ÿ
x1,y1PX1
x1‰y1
. . .
ÿ
xn´1,yn´1PXn´1
xn´1‰yn´1
ˇˇˇˇ
ˇ ÿ
xnPXn
eppxnpx1 ´ y1q . . . pxn´1 ´ yn´1qq
ˇˇˇˇ
ˇ ,
by Lemma 2.1 it is sufficient to show that
S2 ď pXnpD
ˆ,˚
n´1pX1q . . .D
ˆ,˚
n´1pXn´1qq
1{pn´1q.
Let Ipλq count the number of solutions to the equation
λ “ px1 ´ y1q . . . pxn´1 ´ yn´1q, xi, yi P Xi, xi ‰ yi,
so that
S “
ÿ
λ
Ipλq
ˇˇˇˇ
ˇ ÿ
xnPXn
eppλx1q
ˇˇˇˇ
ˇ ,
and hence by Lemma 2.4
S2 ď
˜ÿ
λ
Ipλq2
¸
pXn,
and the result follows from Lemma 2.2 sinceÿ
λ
Ipλq2 “ Dˆn´1pX1, . . . ,Xn´1q.
[\
Our next estimate does better in applications over Lemma 2.5 when
our sets have X1, . . . ,Xn have large cardinalities.
Lemma 2.6. Let n ě 2. Suppose SpX1, . . . ,Xn;ω1, . . . , ωnq is defined
as in (1.1). Then we have
|SpX1, . . . ,Xn;ω1, . . . , ωnq|
2n ! pX1 . . .Xnq
2n
ˆ
1
X2
n´1
1
` ¨ ¨ ¨ `
1
Xn
˙
` p1{2pX1 . . .Xnq
2n´2p rDˆ,˚n pX1q . . . rDˆ,˚n pXnqq1{2n.
Proof. Writing
S “
ÿ
x2,y2PX2
x2‰y2
. . .
ÿ
xn,ynPXn
xn‰yn
ˇˇˇˇ
ˇ ÿ
x1PX1
eppx1px2 ´ y2q . . . pxn ´ ynqq
ˇˇˇˇ
ˇ ,
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by Lemma 2.1 it is sufficient to show that
S2 ď
pX1 . . .Xnq
4
X21
` pX2 . . . Xnq
2p1{2p rDˆ,˚n pX1q . . . rDˆ,˚n pXnqq1{2n.
Applying the Cauchy-Schwarz inequality, interchanging summation and
isolating the diagonal contribution gives
S2 ď X1pX2 . . .Xnq
4 ` pX2 . . .Xnq
2
ˇˇˇˇ
ˇ
p´1ÿ
λ“1
Ipλqeppλq
ˇˇˇˇ
ˇ ,(2.1)
where Ipλq counts the number of solutions to the equation
px1 ´ y1q . . . pxn ´ ynq “ λ, xi, yi P Xi, xi ‰ yi.
Let
∆ “
X1pX1 ´ 1q . . .XnpXn ´ 1q
p´ 1
,
and write
p´1ÿ
λ“1
Ipλqeppλq “ ∆
p´1ÿ
λ“1
eppλq `
p´1ÿ
λ“1
pIpλq ´∆qeppλq.
We have ˇˇˇˇ
ˇ
p´1ÿ
λ“1
Ipλqeppλq
ˇˇˇˇ
ˇ ! pX1 . . .Xnq2p `
p´1ÿ
λ“1
|Ipλq ´∆|.(2.2)
With notation as in Lemma 2.3, by the Cauchy-Schwarz inequality
p´1ÿ
λ“1
|Ipλq ´∆| ď p1{2
˜
p´1ÿ
λ“1
|Ipλq ´∆|2
¸1{2
“ p1{2 rDˆ,˚n pX1, . . . ,Xnq1{2,
and hence
p´1ÿ
λ“1
|Ipλq ´∆| ď p1{2p rDˆ,˚n pX1q . . . rDˆ,˚n pXnqq1{2n.
Combining the above with (2.1) and (2.2) gives
S2 ď
pX1 . . .Xnq
4
X31
`
pX1 . . .Xnq
4
p
` pX2 . . .Xnq
2p1{2p rDˆ,˚n pX1q . . . rDˆ,˚n pXnqq1{2n
!
pX1 . . .Xnq
4
X31
` pX2 . . .Xnq
2p1{2p rDˆ,˚n pX1q . . . rDˆ,˚n pXnqq1{2n,
and completes the proof. [\
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2.2. Estimates for Dˆk pAq. In this section we give estimates for D
ˆ
k pAq
which will be combined with results from Section 2.1 to obtain esti-
mates for multilinear sums. We first recall the following result [26,
Theorem 32].
Lemma 2.7. Suppose A Ă Fp is a set and |A| “ A. For all k ě 2
Dˆk pAq ´
A4k
p
!k plogAq
4A4k´2´2
´k`2
E`pAq1{2
k´1
.
We then have the following lemma [26, Theorem 41].
Lemma 2.8. Let A Ă Fp be a set, A ď p
2846{4991 . Then for any c ă 1
434
one has
Dˆ2 pAq ! A
13{2´c.
Furthermore, if A ď p48{97 , then for any c1 ă
1
192
one has
Dˆ2 pAq ! A
13{2´c1 .
We first notice that from the proof of [26, Theorem 32] we have
Dˆk pAq ´
A4k
p
!k plogAq
2A2k`1
ˆ
Dˆk´1pAq ´
A4pk´1q
p
˙1{2
.(2.3)
Using E`pAq ď A3 , combined with Lemma 2.8 and (2.3) we have the
following corollary.
Corollary 2.9. Suppose A Ă Fp is a set and |A| “ A. For all k ě 2
Dˆk pAq ´
A4k
p
!k plogAq
4A4k´2`2
´k`1
.
Similarly if A ď p2846{4991 , for any c ă 1
434
we have
Dˆk pAq ´
A4k
p
!k plogAq
4A4k´2`2
´k`1´c2´k`2
and if A ď p48{97 , for any c1 ă
1
192
we have
Dˆk pAq ´
A4k
p
!k plogAq
4A4k´2`2
´k`1´c12´k`2 .
It is clear that we can use the above to give other estimates on Dˆk
using previous estimates on Dˆ2 . We recall the following result [18,
Lemma 2.6], which is given from Murphy et. al [21] result on collinear
triples.
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Lemma 2.10. Let A Ă Fp . Then
Dˆ2 pAq ´
A8
p
! p1{2A11{2.
Again, we have the following corollary.
Corollary 2.11. Let A Ă Fp . Then
Dˆk pAq ´
A4k
p
!k p
21´kplogAq4A4k´2´2
´k`1
.
We next prepare to give an estimate for Dˆk pAq which improves
on the above results for sets of cardinality a little larger than p1{2 .
As in Shkredov [26], our main tool is Rudnev’s point plane incidence
bound [23].
Lemma 2.12. Let p be an odd prime, P Ă F3p a set of points and Π
a collection of planes in F3p . Suppose |P| ď |Π| and that k is the
maximum number of collinear points in P . Then the number of point-
planes incidences satisfies
IpP,Πq ď
|P||Π|
p
` |P|1{2|Π| ` k|P|.
Lemma 2.13. For a prime number p and a subset A Ď Fp with |A| “ A
we have
Dˆ2 pAq “
A8
p
`O
`
A6plogAq2 ` p1{2A4E`pAq
1{2plogAq2
˘
`O
`
pA4plogAq2
˘
.
Proof. We have
Dˆ2 pAq “
ÿ
aiPA
pa1´a2qpa3´a4q“pa5´a6qpa7´a8q
a5‰a6
1`OpA6q.
Let Ipxq denote the indicator function of the multiset
ta ´ a1 : a, a1 P Au,
and let pI denote the Fourier transform of I . We note that the Fourier
coefficients satisfy
pIpxq “ ˇˇˇˇˇÿ
aPA
eppaxq
ˇˇˇˇ
ˇ
2
.(2.4)
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We have
Dˆ2 pAq “
ÿ
aiPA
a5‰a6
I
ˆ
pa1 ´ a2qpa3 ´ a4q
pa5 ´ a6q
˙
`OpA6q
“
A8
p
`OpA6q `W,(2.5)
where
W “
1
p
p´1ÿ
y“1
pIpyq ÿ
aiPA
a5‰a6
epp´ypa1 ´ a2qpa3 ´ a4qpa5 ´ a6q
´1q.
We have
W ď
1
p
p´1ÿ
y“1
pÿ
z“1
pIpyqpIpzq ÿ
aiPA
pa1´a2qy“pa3´a4qz
a3‰a4
1
“
A5
p
p´1ÿ
y“1
pIpyq ` 1
p
p´1ÿ
y“1
p´1ÿ
z“1
pIpyqpIpzq ÿ
aiPA
pa1´a2qy“pa3´a4qz
1,
where we have removed the condition a3 ‰ a4 in the last display since
by (2.4) the Fourier coefficients are nonnegative. The above implies
W ďW0 `OpA
6q,(2.6)
where
W0 “
1
p
p´1ÿ
y“1
p´1ÿ
z“1
pIpyqpIpzq ÿ
aiPA
pa1´a2qy“pa3´a4qz
1.
For integer i ě 1 we define the sets
Jpiq “ t1 ď z ď p : 2i´1 ´ 1 ď pIpzq ă 2i ´ 1u,(2.7)
so that
W0 !
1
p
ÿ
1ďi,j!logA
2i`jW pi, jq,(2.8)
where
W pi, jq “
ÿ
aiPA,yPJpiq,zPJpjq
pa1´a2qy“pa3´a4qz
1.
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Fix some pair pi, jq and consider W pi, jq. If |Jpiq| ď |Jpjq|, then we
consider the set of points
P “ tpa1y, y, a3q : y P Jpiq, a1, a3 P Au,
and the collection of planes
Π “ tx1 ´ a2x2 ´ zx3 ` a4z “ 0 : z P Jpjq, a2, a4 P Au.
We see that W pi, jq is bounded by the number of point-plane incidences
between P and Π
W pi, jq ď IpP,Πq.
Since the maximum number of collinear points in P is maxtA, |Jpiq|u
an application of Lemma 2.12 gives
W pi, jq !
A4|Jpiq||Jpjq|
p
` A3|Jpiq|1{2|Jpjq|
` A2|Jpiq|maxtA, |Jpiq|u.
(2.9)
In a similar fashion, if |Jpjq| ď |Jpiq| then
W pi, jq !
A4|Jpiq||Jpjq|
p
` A3|Jpjq|1{2|Jpiq|
` A2|Jpjq|maxtA, |Jpjq|u.
(2.10)
This implies that
W pi, jq !
A4|Jpiq||Jpjq|
p
` A3|Jpiq|1{2|Jpjq| ` A3|Jpjq|1{2|Jpiq|
` A2mint|Jpiq|2, |Jpjq|2u
!
A4|Jpiq||Jpjq|
p
` A3|Jpiq|1{2|Jpjq| ` A3|Jpjq|1{2|Jpiq|
` A2|Jpiq||Jpjq|,
and hence substituting the above into (2.8) we get
W0 !
A4
p2
˜ ÿ
1ďi!logA
2i|Jpiq|
¸2
`
A3
p
˜ ÿ
1ďi!logA
2i|Jpiq|1{2
¸˜ ÿ
1ďi!logA
2i|Jpiq|
¸
`
A2
p
˜ ÿ
1ďi!logA
2i|Jpiq|
¸2
.
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Recalling (2.4) and (2.7), we haveÿ
1ďi!logA
2i|Jpiq| ! p `
ÿ
2ďi!logA
2i|Jpiq|
! p ` logA
pÿ
y“1
|
ÿ
aPA
eppyaq|
2 “ pA logA,
and ˜ ÿ
1ďi!logA
2i|Jpiq|1{2
¸2
! p` logA
ÿ
2ďi!logA
22i|Jpiq|
! p` plogAq2
pÿ
y“1
ˇˇˇˇ
ˇÿ
aPA
eppyaq
ˇˇˇˇ
ˇ
4
,
so that ÿ
1ďi!logA
2i|Jpiq|1{2 ! p1{2E`pAq
1{2 logA.
This implies
W ! A6plogAq2 ` p1{2A4E`pAq
1{2plogAq2 ` pA4,
and hence by (2.5) and (2.6)
Dˆ2 pAq “
A8
p
`O
`
A6plogAq2
˘
`O
`
p1{2A4E`pAq
1{2plogAq2
˘
`OppA4plogAq2q,
which completes the proof. [\
We next establish a recurrence type inequality similar to [26, Theo-
rem 32].
Lemma 2.14. For a prime number p and a subset A Ď Fp with |A| “ A
we have
Dˆk pAq “
A4k
p
`Ok
``
A4k´2 ` pA4k´4 ` p1{2A2kDˆk´1pAq
1{2
˘
log2A
˘
.
Proof. Let D1kpAq count the number of solutions to the equation
pa1,1 ´ a1,2q . . . pak,1 ´ ak,2q “ pak`1,1 ´ ak`1,2q . . . pa2k,1 ´ a2k,2q,
with variables a1,1, . . . , a2k,2 P A satisfying
a1,1 ‰ a1,2, ak`1,1 ‰ ak`1,2,
so that
Dˆk pAq “ D
1
kpAq `OpA
4k´2q.(2.11)
EXPONENTIAL SUMS WITH GENERAL WEIGHTS 17
Let Ipyq denote the indicator function of the multiset
tpa2,1 ´ a2,2q . . . pak,1 ´ ak,2q : a2,1, . . . , ak,2 P Au,
and let pIpyq denote the Fourier transform of I . We have
D1kpAq “
ÿ
aj,1,aj,2PA
a1,1‰a1,2
ak`1,1‰ak`1,2
Ippak`1,1 ´ ak`1,2q . . . pa2k,1 ´ a2k,2qpa1,1 ´ a1,2q
´1q
“
1
p
p´1ÿ
y“1
pIpyqÿ
aj,1,aj,2PA
a1,1‰a1,2
ak`1,1‰ak`1,2
ep
`
´ypak`1,1 ´ ak`1,2q . . . pa2k,1 ´ a2k,2qpa1,1 ´ a1,2q
´1
˘
“
1
p
pÿ
z“1
p´1ÿ
y“1
pIpyqpIp´zq ÿ
ai,jPA
ypa1,1´a1,2q“zpa2,1´a2,2q
aj,1‰aj,2, j“1,2
1,
which implies that
D1kpAq “
A4k
p
`W0 `OpA
4k´2q,(2.12)
where
W0 “
1
p
p´1ÿ
z“1
p´1ÿ
y“1
pIpyqpIp´zq ÿ
ai,jPA
ypa1,1´a1,2q“zpa2,1´a2,2q
aj,1‰aj,2, j“1,2
1.
For integer i ě 1 we define
Jpiq “ ty P F˚p : 2
i´1 ´ 1 ď |pIpyq| ď 2i ´ 1u,
so that
W0 !
1
p
ÿ
i,j!logA2k
2i`jW pi, jq,(2.13)
where
W pi, jq “
ÿ
ai,jPA,
yPJpiq,zPJpjq
ypa1,1´a1,2q“zpa2,1´a2,2q
aj,1‰aj,2, j“1,2
1.
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Using Lemma 2.12 as in the proof of Lemma 2.13, we see that
W pi, jq !
A4|Jpiq||Jpjq|
p
` A3|Jpiq|1{2|Jpjq| ` A3|Jpjq|1{2|Jpiq|(2.14)
` A2|Jpiq||Jpjq|.
We haveÿ
i!logA
2i|Jpiq|
! p`
p´1ÿ
y“1
ˇˇˇˇ
ˇˇˇ ÿ
ai,1,ai,2PA
1ďiďk´1
eppypa1,1 ´ a1,2q . . . pak´1,1 ´ ak´1,2qq
ˇˇˇˇ
ˇˇˇ
ď p`
ÿ
ai,1,ai,2PA
2ďiďk´1
p´1ÿ
y“1
ˇˇˇˇ
ˇÿ
aPA
eppypa2,1 ´ a2,2q . . . pak´1,1 ´ ak´1,2qaq
ˇˇˇˇ
ˇ
2
! pA2k´3,
andÿ
i!logA
2i|Jpiq|1{2 ! p1{2
`
¨˚
˝logA p´1ÿ
y“1
ˇˇˇˇ
ˇˇˇ ÿ
ai,1,ai,2PA
1ďiďk´1
eppypa1,1 ´ a1,2q . . . pak´1,1 ´ ak´1,2qq
ˇˇˇˇ
ˇˇˇ
2‹˛‚
1{2
,
so that ÿ
i!logA
2i|Jpiq|1{2 !k plogAq
1{2p1{2Dˆk´1pAq
1{2.
Combining the above with (2.13) and (2.14) we see that
W0 !k
`
A4k´2 ` pA4k´4 ` p1{2A2kDˆk´1pAq
1{2
˘
log2A,
and hence by (2.11) and (2.12)
Dˆk pAq “
A4k
p
`Ok
``
A4k´2 ` pA4k´4 ` p1{2A2kDˆk´1pAq
1{2
˘
log2A
˘
,
which completes the proof. [\
Combining Lemma 2.13 and Lemma 2.14 with an induction argu-
ment gives the following Corollary.
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Corollary 2.15. For a prime number p and a subset A Ď Fp with
|A| “ A ě p1{2 we have
Dˆk pAq “
A4k
p
`Ok
´´
A4k´2 ` p1´2
´pk´1q
A4k´4E`pAq
2´pk´1q
¯
log4A
¯
.
Using the trivial bound E`pAq ď A
3 in Corollary 2.15 gives the
following sharp asymptotic formula for Dˆk pAq for sets of cardinality a
little larger than p1{2 .
Corollary 2.16. For any k ě 3 and A ě p1{2`1{p2
k`1´6q we have
Dˆk pAq “
A4k
p
`Ok
`
A4k´2 log4A
˘
.
We define NpX ,Y ,Zq to be the number of solutions to
x1py1 ´ z1q “ x2py2 ´ z2q
with x1, x2 P X , y1, y2 P Y and z1, z2 P Z . We now recall [22, Corollary
2.4].
Lemma 2.17. Let X ,Y ,Z Ă F˚p with |X | “ X, |Y | “ Y, |Z| “ Z and
M “ maxpX, Y, Zq. Then
NpX ,Y ,Zq !
X2Y 2Z2
p
`X3{2Y 3{2Z3{2 `MXY Z.
2.3. Proof of Theorem 1.1.
Proof. Let
S “ SpX1, . . . ,Xn;ω1, . . . , ωnq.
By Lemma 2.1, after permuting the variables, we have
|S|2
n´1
! pX1 . . .Xnq
2n´1
ˆ
1
Xn´1
` ¨ ¨ ¨ `
1
X2
n´2
1
˙
` pX1 . . . Xn´1q
2n´1´2X2
n´1´1
n
ÿ
x1,y1PX1
x1‰y1
. . .
ÿ
xn´1,yn´1PXn´1
xn´1‰yn´1ˇˇˇˇ
ˇ ÿ
xnPXn
eppxnpx1 ´ y1q . . . pxn´1 ´ yn´1qq
ˇˇˇˇ
ˇ .
We now collect together px2´ y2q . . . pxn´1´ yn´1q “ λ and denote the
number of solutions to this equation to be Jpλq. Similarly we collect
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x1pxn´ynq “ µ and we denote the number of solutions to this equation
to be Ipµq. Hence,
|S|2
n´1
!n pX1 . . .Xnq
2n´1
ˆ
1
Xn´1
` ¨ ¨ ¨ `
1
X2
n´2
1
˙
` pX1 . . .Xn´1q
2n´1´2X2
n´1´1
n
ÿ
λPF˚p
Jpλq
ˇˇˇˇ
ˇ ÿ
µPFp
Ipµq eppλµq
ˇˇˇˇ
ˇ
“ pX1 . . .Xnq
2n´1
ˆ
1
Xn´1
` ¨ ¨ ¨ `
1
X2
n´2
1
˙
` pX1 . . .Xn´1q
2n´1´2X2
n´1´1
n
ÿ
λPF˚p
ÿ
µPFp
JpλqηλIpµq eppλµq
for some complex weight ηλ with |ηλ| “ 1. Now, by Lemma 2.17 with
X “ Y “ X1, Z “ Xn we haveÿ
µPFp
Ipµq2 “ NpXn,X1,X1q ! X
3
1X
3{2
n .
Similarly, ÿ
λPF˚p
Jpλq2 “ Dˆ,˚n´2pX2, . . . ,Xn´1q.
We apply Corollary 2.9 and 2.11 combined with Lemma 2.2 along with
Lemma 2.4 to obtain
|S|2
n´1
!n pX1 . . .Xnq
2n´1
ˆ
1
Xn´1
` ¨ ¨ ¨ `
1
X2
n´2
1
˙
` pX1 . . . Xnq
2n´1p1{2X
´1{2
1 X
´1{4
n
˜
n´1ź
i“2
BnpXiq
2n´1
¸
.
This completes the proof. [\
2.4. Proof of Theorem 1.2. We note that the conditions (1.6) and
Corollary 2.16 imply thatrDˆ,˚n pXiq ! plog pq4X4n´2i ,
and hence by Lemma 2.6
|SpX1, . . . ,Xn;ω1, . . . , ωnq|
2n ! pX1 . . .Xnq
2n
ˆ
1
X2
n´1
1
` ¨ ¨ ¨ `
1
Xn
˙
` plog pq4p1{2pX1 . . .Xnq
2n´1{n,
from which the desired result follows.
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3. Multinomial Exponential Sums
3.1. Preliminaries. The aim of this section is to extend the results
of [17] and [19] beyond the cases of trinomials and quadrinomials, to
more general multinomial sums.
We recall the following bound of [19].
Lemma 3.1. Let G Ď F˚p be a multiplicative subgroup with |G| “ G.
Then
Dˆ2 pGq ´
G8
p
!
$&%
p1{2G
11
2 , if G ě p
2
3 ,
G7p´
1
2 , if p
2
3 ą G ě p
1
2 log p,
G6 logG, if G ă p
1
2 log p.
Combining with (2.3) and observing which term dominates we get
the following corollary.
Corollary 3.2. Let G Ď F˚p be a multiplicative subgroup with |G| “ G.
Then
Dˆk pGq !
"
G4kp´1 if G ě p
1
2 log p,
G4k´2`op1q, if G ă p
1
2 log p.
We also have the following result as a consequence of [17, Lemma
2.4].
Lemma 3.3. Let G,H Ă F˚p be multiplicative subgroups with cardinali-
ties G,H respectively with G ě H . Then,
NpH,G,Gq !
"
H2G
7
2p´
1
2 if G ě p
1
2 log p,
H2G
5
2
`op1q, if G ă p
1
2 log p.
We then have the following result on multilinear exponential sums
over subgroups, which may be of independent interest to the reader.
Lemma 3.4. Let Xi Ă Fp be multiplicative subgroups with |Xi| “ Xi ,
X1 ě X2 ě ¨ ¨ ¨ ě Xn , n ě 4. Then
SpX1, . . . ,Xn;ω1, . . . , ωnq !n pX1 . . .Xnqp
1
2nAnpX1q
n´1ź
i“2
BnpXiq
` pX1 . . .Xnq
˜
1
X
1{2
n
` ¨ ¨ ¨ `
1
X
1{2n
1
¸
where
AnpX1q “
#
X
´ 1
2n`1
1 p
´ 1
2n`1 , if X1 ě p
1
2 log p,
X
´ 3
2n`1
`op1q
1 , if X1 ă p
1
2 log p,
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and
BnpXiq “
#
p
´ 1
2npn´2q , if Xi ě p
1
2 log p,
X
´ 1
2n´1pn´2q
i , if Xi ă p
1
2 log p.
Proof. The proof follows that of Theorem 1.1, however we use Corollary
3.2 and Lemma 3.3 in place of their relevant results on arbitrary sets.
[\
3.2. Proof of Theorem 1.3. Let αki “ gcdpki, p ´ 1q for each i “
1, . . . , t. We then let Gαi be the subgroups of F
˚
p generated by the
elements of order αki . Then
TχpΨq “
1
αk1 . . . αkt´1
ÿ
x1PGα1
. . .
ÿ
xt´1PGαt´1ÿ
xtPF
˚
p
χpx1 . . . xtq eppΨpx1 . . . xtqq
“
1
αk1 . . . αkt´1
ÿ
x1PGα1
. . .
ÿ
xt´1PGαt´1
ÿ
xnPF
˚
p
χpx1 . . . xtq
eppa1px2 . . . xtq
k1q . . . eppat´1px1 . . . xt´2xtq
kt´1q eppatpx1 . . . xtq
ktq
“
1
αk1 . . . αkt´1
ÿ
x1PGα1
. . .
ÿ
xt´1PGαt´1ÿ
xtPF
˚
p
ω1pxq . . . ωtpxq eppatpx1 . . . xtq
ktq.
Now the image Xt “ tx
kt
t : xt P F
˚
pu of non-zero ktth powers contains
pp ´ 1q{αkt elements, each appearing with multiplicity αkt . Similarly,
the images Xi “ tx
kt
i : xi P Gαkiu contain αki{ gcdpαki, αktq elements,
each appearing with multiplicity gcdpαki, αktq, for i “ 1, . . . , t ´ 1.
Hence, we apply Lemma 3.4 to obtain
TχpΨq !t
αkt
βk1 . . . βkt´1
¨
˜
p
1
2t βkt´1At
ˆ
p´ 1
αkt
˙ t´2ź
i“1
Btpβkiq
¸
`
αkt
βk1 . . . βkt´1
¨
p´ 1
αkt
βk1 . . . βkt´1
˜ˆ
αkt
p´ 1
˙ 1
2
` β
´1
22
k1
` ¨ ¨ ¨ ` β
´1
2t
kt´1
¸
.
By simplifying we reach the required result.
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4. Weyl Sums Over Generalized Arithmetic Progressions
4.1. Preliminaries. We will require an estimate for the ℓ1 norm of the
Fourier transform of proper generalized arithmetic progressions which
is due to Shao [24].
Lemma 4.1. Let A Ď Fp be a proper generalized arithmetic progression
of rank r and let pApzq denote the Fourier transform of A. Then we
have
pÿ
z“1
| pApzq| !r pplog pqr.
The following is due to Bourgain [3, Theorem A].
Lemma 4.2. Let 0 ă δ ă 1{4 and r ě 2. There exists some δ1 such
that if p is a sufficiently large prime and A1, . . . , Ar Ď Fp satisfy
|Ai| ą p
δ
rź
i“1
|Ai| ą p
1`δ,
then ˇˇˇˇ
ˇ ÿ
x1PA1,...xrPAr
eppx1 . . . xrq
ˇˇˇˇ
ˇ ! |A1| . . . |Ar|p´δ1 .
4.2. Proof of Theorem 1.4. Considering the sum
S “
ÿ
aPA
eppF paqq,
we note that for any a2, . . . , ad P A
S “
1
p
pÿ
z“1
˜ÿ
aPA
epp´zaq
¸
(4.1)
ˆ
ÿ
a1PdA
eppF pa1 ´ a2 ´ ¨ ¨ ¨ ´ adq ` zpa1 ´ a2 ´ ¨ ¨ ¨ ´ adqq,(4.2)
where dA denotes the d-fold sumset
dA “ ta1 ` ¨ ¨ ¨ ` ad : ai P Au,
so that
|dA| ! |A|.(4.3)
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Averaging (4.1) over a2, . . . , ad P A and using Lemma 4.1 gives
S !
1
p
pÿ
z“1
| pApzq| |T pzq|
|A|d´1
!r
pop1q|T pz0q|
|A|d´1
,(4.4)
for some z0 P Fp , where
T pzq “
ÿ
a1PdA
a2,...,adPA
eppF pa1 ´ a2 ´ ¨ ¨ ¨ ´ adq ` zpa1 ´ a2 ´ ¨ ¨ ¨ ´ adqq.
Since F has degree d , we may write
F pzq “
dÿ
i“0
biz
i,
and hence
F pa1 ´ a2 ´ ¨ ¨ ¨ ´ adq “
dÿ
i“0
bipa1 ´ a2 ´ ¨ ¨ ¨ ´ adq
i
“ F1pa2, . . . , adq ` ¨ ¨ ¨ ` Fdpa1, . . . , ad´1q ` p´1q
d´1bda1 . . . ad,
for some sequence of polynomials F1, . . . , Fd where Fi is independent
of the variable ai . This implies that
T pz0q “ÿ
a1PdA
a2,...,adPA
ω1pa2, . . . , adq . . . ωdpa1, . . . , ad´1qeppp´1q
d´1bda1 . . . adq,
for some sequence of weights ω1, . . . , ωd with ωi independent of ai . By
Lemma 2.1
|T pz0q|
2d´1 !d |A|
d2d´1´1
` |A|d2
d´1´2d`1
ÿ
aj ,a
1
jPA
jě2
ˇˇˇˇ
ˇ ÿ
a1PdA
eppbda1pa2 ´ a
1
2q . . . pad ´ a
1
dqq
ˇˇˇˇ
ˇ ,
and by the Cauchy-Schwarz inequality
|T pz0q|
2d !d |A|
d2d´2
` |A|d2
d´2d
ˇˇˇˇ
ˇˇˇˇ ÿ
aj ,a
1
jPA
jě2
ÿ
a1,a
1
1
PdA
eppbdpa1 ´ a
1
1qpa2 ´ a
1
2q . . . pad ´ a
1
dqq
ˇˇˇˇ
ˇˇˇˇ .
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This implies that
|T pz0q|
2d !d |A|
d2d´2 ` |A|d2
d´d
ˇˇˇˇ
ˇˇˇˇ ÿ
ajPA`cj
jě2
ÿ
a1PdA`c1
eppbda1 . . . adq
ˇˇˇˇ
ˇˇˇˇ ,
for some c1, . . . , cd P Fp . We note that the assumption (1.7) implies
that the conditions of Lemma 4.2 are satisfied and hence
|T pz0q|
2d !d |A|
d2dp´δ
1
,
for some δ1 ą 0 depending on ε and the result follows from (4.4).
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